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We present the black hole solutions and analyse their properties in the superstring effective field theory with 
the Gauss-Bonnet curvature correction terms. We find qualitative differences in our results from those obtained 
in the truncated model in the Einstein frame. The main difference in our model from the truncated one is that 
the existence of a turning point in the mass-area curve, the mass-entropy curve, and the mass-temperature curve 
in five and higher dimensions, where we expect a change of stability. We also find a mass gap in our model, 
where there is no black hole solution. In five dimensions, there exists a maximum black hole temperature and 
the temperature vanishes at the minimum mass, which is not found in the truncated model. 

PACS numbers: 



I. INTRODUCTION 

A black hole always absorbs the ambient matter and the 
mass increases in time classically. However, if we take into 
account the quantum effect, a black hole will emit the Hawk- 
ing radiation and evaporate away. It behaves as a thermal ob- 
ject. Of course, such a quantum effect can be ignored for as- 
trophysical black holes. On the other hand, for microscopic 
black holes, the situation drastically changes. The black hole 
loses its mass by the radiation and may vanish. When the mass 
approaches the Planck mass, however, the semi-classical ap- 
proach is no longer valid. To know what happens at the end of 
evaporation, i.e., to answer the questions such as "What is the 
final state of black hole?" or "Is a naked singularity appear?", 
we may need to study it by quantum gravity. 

One of the most promising candidates for quantum theory 
of gravity is the string theory, which may also provide us a 
unified theory of fundamental interactions (the so-called "the- 
ory of everything") [1]. String theory is, however, still in a 
developing stage and may not yet be able to treat strong grav- 
itational phenomena such as a black hole directly. Hence we 
shall study black holes in the effective field theory including 
string quantum correction terms. The field theory limit of the 
string theories leads to a ten-dimensional supergravity theory 
at the lowest derivative level. In addition, it is known that 
quantum effect gives higher curvature coiTection terms. There 
are five string theories in ten dimensions, which are related 
with each other via dualities. The curvature correction terms 
depend on the type of string theory. In the heterotic string the- 
ory, the lowest corrections are described by the second-order 
curvature term, i.e., the so-called Gauss-Bonnet term [2]. On 
the other hand, in the type II string theory, the fourth-order 
curvature terms appear as the lowest [3]. 

The Gauss-Bonnet term is known as the second-order Love- 
lock gravity. The Lovelock theory is a higher curvature gener- 
alization of Einstein gravity. Its field equations contain terms 
up to the second-order derivatives of the metric functions and 
the second-order derivative terms are linear [4, 5]. The n- 
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th order of Lovelock gravity is constructed by the Euler den- 
sity in the 2?? dimensional spacetime. Hence n-th terms with 
n < [{D — l)/2] contribute to the field equations. The black 
hole solution in the theory with the Gauss-Bonnet term or with 
the Lovelock action has been analysed in the models in many 
works [6, 7]. 

A dilaton field also plays an important role in the string the- 
ory as a dynamical field. Hence dilatonic models have been 
studied intensively in the context of string theory. The black 
hole solution in such a dilatonic theory was studied in [8] 
and [9]. The black hole solution with the Riemann curvature 
squared correction term coupled to dilaton was first studied 
by the linear perturbation approach [10]. When the Gauss- 
Bonnet term couples to a dilaton, it contributes to the dynam- 
ical equations even in four dimensions. Full study of this case 
requires numerical evaluation, and has been made in [11-16]. 

In the string frame, the Einstein-Hilbert curvature term is 
also coupled to the dilaton field. So usually we perform a con- 
formal transformation to find the Einstein frame, in which the 
Einstein-Hilbert curvature term does not couple to the dilaton 
field. When we study a black hole in the Einstein frame, only 
the Gauss-Bonnet term is taken into account as the quantum 
coiTection, but some additional terms appear through a con- 
formal transformation compared with the string frame. It is 
not so obvious which frame is to be used in investigating so- 
lutions where strong gravitational effects become strong such 
as black holes. It is certainly natural to take the action in the 
string frame in string theory, and then it is important to check 
if the above additional terms make any difference in the re- 
sults. In this paper, we analyse black hole solutions in the 
effective action in the Einstein frame equivalent to that in the 
string frame, and compare the results with those in the trun- 
cated effective action, i.e., the model only with the Gauss- 
Bonnet term as the correction. Black hole solutions in the 4D 
string frame are examined in the context of black hole - string 
transition in [17]. 

This paper is organized as follows. In Sec. II, we present the 
effective action which we discuss in this paper, and perform a 
conformal transformation to obtain the description in the Ein- 
stein frame. We also define our truncated model. In Sec. Ill, 
we write down the basic equations for a spherically symmetric 
and static spacetime in the dilatonic Einstein-Gauss-Bonnet 
theory, and give the boundary condition for the regular black 
hole horizon. We transform the variables in the string frame 
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to those in the Einstein frame in Sec. IV. In Sec. V, we in- 
troduce the thermodynamical variables. We then show our 
numerical results in Sec. VI. In Sec. VII, we briefly summa- 
rize the truncated dilatonic Einstein-Gauss-Bonnet model. We 
present the basic equations and the boundary conditions on the 
black hole horizon. We compare our results in the dilatonic 
Einstein-Gauss-Bonnet theory with those in the truncated one 
in Sec. VIII. The concluding remarks are made in Sec. IX. 



II. EFFECTIVE ACTION AND ITS TRUNCATION IN THE 
EINSTEIN FRAME 

In this paper, we focus on the Einstein-Gauss-Bonnet grav- 
ity coupled to a dilaton field. The effective action of the het- 
erotic string theory in the string frame is given by 



1 
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(2.1) 



where is the £)-dimensional gravitational constant, is a 
dilaton field, 

-^GB = n — AR^j^^R'^^ + Rfj.upaR!^'^''" ^ (2.2) 



is the Gauss-Bonnet curvature term, and a2 = a'/8 is its cou- 
pling constant. 

In the string frame, the dilaton field couples to the Ricci 
scalar curvature nonminimally. Hence we perform a confor- 
mal transformation 



(2.3) 



where 7^ 

The action in the Einstein frame is given by 



7' = -p^, in order to find the Einstein-Hilbert action. 



5e = 



(2.4) 



where we have introduced ~ 270 [18]. R and Rq^ are the 
Ricci scalar curvature and the Gauss-Bonnet curvature term 
with respect to the Einstein-frame metric g^i,, respectively. 
Because we have the Gauss-Bonnet term, if we start from 
the effective action in the string frame, there appears the ad- 
ditional complicated term T in the Einstein frame, which is 
given by 



.F[V0, R] = 4{D - 3)7i?M-V'^V> - 2{D - 3h^Rf,4V''(j)){V''(j)) - 2{D - 3)jRV^c^ ^2^^' 3)ij^R{V(j))^ 



-(i?-2)37'(V^V, 



(i?-2)37'(V2 



(i?-2)37'(V'^0)(V»(V^V,(i 



+ -iD - 2){D 3)273(V20)(V0)2 + -{D - 1)47' [(V^)^]^ 

D{D - 3)72G^,V^V> +1^^' 1)37^(V'0)(V0)2 + ^{D - 1)47'' [(V.^)']' + (surface term) , (2.5) 



where G^^ is the Einstein tensor Here we have used a concise 
notation 

{D - m)n ■■= {D - m){D - m - 1) ■ ■ ■ {D - n) , (2.6) 

with m and n being some integers {n > m). 

This term T has not been sometimes considered in many 
literatures when cosmology or black hole solutions are stud- 
ied in the Einstein frame [11-16]. However, if we start with 
the effective action in the string frame (2.1), there exists the 
complicated term (2.5) because the action with T in the Ein- 
stein frame (2.4) is classically equivalent to the original one. 
We note that this does not mean that the theory in the Einstein 
frame without T is not correct, but there is an intrinsic ambi- 
guity in the theory. So it is interesting and important to study 
if this makes any difference in the obtained results. 

In order to see the effects of this extra term T, we study a 
black hole solution in this paper For this purpose, we solve 
two sets of equations; one is a set of equations including the 
T term, and the other is that without the T term. We shall call 
the former and the latter the dilatonic Einstein Gauss Bonnet 
(DEGB) theory and the truncated one (TDEGB), respectively. 



The action for TDEGB theory is given by 
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(2.7) 



Although one can solve the basic equations of the DEGB the- 
ory in the Einstein frame (2.4), it is easier to solve them in the 
string frame (2.1) and to transform the solutions in the string 
frame into those in the Einstein frame by the conformal trans- 
formation (2.3). This is the strategy we take here. 



III. DILATONIC EINSTEIN GAUSS-BONNET MODEL IN 
THE STRING FRAME 

A. Basic equations in the string frame 

First we present the basic equations in the string frame. To 
find a black hole solution, we assume a spherically symmetric 
and static spacetime, whose metric form is given by 



„2A 



dr^ 



2; 



(3.1) 
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where i>, A and jl are functions of the radial coordinate f. derive the explicit form of the action with this ansatz as 
is the metric of {D — 2) -dimensional unit sphere. We 
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^r'^gW-20|g-2A ^2(£) _ 2)Y +{D- 2)3i - + 46" 

+526"'^^ [{D - 4)5i^ + 4(1) - A)YA - 84,' v A] \ , 
I 



(3.2) 



where we have introduced three variables Y, A, and W by 



Y = 
A = 

W : 



l-i + - /I A 



;> + A + (Z) - 2)/i , 



and dropped the surface term. A prime denotes a derivative 
with respect to f. For brevity, we have introduced the rescaled 
coupling constant as a2 := {D — 2)3q;2, and in what follows, 
we will normalize the variables by it. Taking variations of 
the action with respect to cj), i>, A and jl, we find the basic 
equations. Since we are interested in a black hole solution, it 
may be convenient to introduce new metric functions / and S 



fir 



^2 3-) Here we have fixed one metric component as e 
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(3.4) 



by us- 



ing the gauge freedom. Using the new variables and defining 
the following variables by 



h f(/'-2/<5') 
1 



X 



4J2^2 

the basic equations are written as 



h{fr -h)- 2f{h'f - h) 



(3.5) 
(3.6) 
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f^^^sw ■■= -2{^' [{D - 2)3(1 - /) -{D- 2)(/'f + h) + 2l/>2 + 2(/'f + h)$'r + 4{D - 2)/0'f + 4f{$" - 4,'^)f^] 

(3.7) 



(3.8) 
(3.9) 





+ (52 


[{D - 4)5(1 - /T - 2{D - 4)(1 - f){f'f + h)+ 4l(l - /)/>' + 2hf'f] 1 






-2)3(1- 


- /) -{D- 2)(/' - 4U')r + 4/(0" - 4^")f' + 20'/'r'] 




+ a2[iD 


-4)5(1- 


/)2-2(i?-4)(l- /)(/'- 4/0')^ 






+ 8/(1- 


- /)(0" - 2^'2)f2 + 4(1 - 3/)^'/'r'] = 0, 






-2)3(1- 


- /) -{D- 2){h - 4f4>'f) + 2{h - 2/0'f)0'f] 




+ a2[{D 


-4)5(1- 


ff - 2{D - 4)(1 - f){h - 4/0'f) + 4(1 - 3/>0'f] = 0, 




:=f'[{D 


-2)4(1- 


- /) -{D- 2Uf'f + h)+ 4{D - 2)J^'f + 2{D - 2)Xff^ 






+ 4(D- 


2)f{r - ^'2)f2 ^ 2(i? - 2)(/'f + h)4>'f] 




+ a2[iD 


-4)6(1- 


ff - 2{D - 4)5(1 - f){ff + h) + 8iD - 4)5(1 - f)f$'r 






+ 4(D- 


4)X{1 - f)ff^ + 8{D - 4)/(l - f){4>" - 24>'y^ + 4{D - 4)(1 - 






+ 2{D- 


4)hf'f - 8fh{4>" - 20'2)f2 - 8hf'4>'f^ + 16X0' /2^3j ^ q . 



(3.10) 



Because of the Bianchi identity, there is one relation between That is, the above four equations (3.7) ~ (3.10) are not inde- 
the above four functionals; F^^^^-^ , ^s(!;) , ^s(a) ^nd ^s(/i)' i-^-' pendent. Hence if we solve three of them, the remaining one 



equation is automatically satisfied. 



B. Boundary conditions 



""^s(/i) + ( ^ — ) ^S(£>) + 0'^s " (3-11) In order to find a black hole solution, we need the boundary 
f ^ \2f I ^^'^^ conditions both at the event horizon and at the infinity. Since 
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we are interested in an asymptotically "flat" spacetime, we 
assume 



as r 



f 
6 



1 - 
O 
O 



2k^ 



{D - 2)Ad-2 
1 



M 



1 



oo, where 

AAr = 2^(^+i)/Vr[(Ar + l)/2], 



(3.12) 



(3.13) 



is the area of A'^-dimensional unit sphere, and M is a gravita- 
tional mass in the string frame. 



At the event horizon ("Th), the metric function / vanishes, 
i.e., fifn) = 0. The variables and their derivatives must be 
finite at th- Taking the limit of f ^ f//, we have three inde- 
pendent constraints from the basic equations: 





\d- 


2)3 


- 2{D 


- 2)iH + 2Ch + 
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\d 


-4)5-4(i?- 


- 4)^^ + 


4Cff + 2^1' 


= 0, 


pI 


\d- 


2)3 


-{D- 


2)iH + ^inm 


+ 






5 - 


2{D - A)iH ^ 


- ^inflH 


= 0, 




pI 


\d- 


2)4 


- 2{D 


- 2Uh + 2{D - 


- 2)Ch - 


|-4(L'- 


2)|i/r}ff 











{D - 4)6 - ^{D - 4)5^^ + - 4)Ch + 8{D - A)iHflH + 2{D - 4)e|f - 



0, 



(3.14) 
(3.15) 

(3.16) 



where we have denoted the variables at the horizon with the subscript H, i.e., (f)'^, f'fj,5H, 5'^, {XJ)h and so on, and 
introduced the dimensionless variables as 

PH fn/ay^ , iH-=fHf'H, VH ■■= rH4>'H ^ Ch f]j{Xf)H ■ (3.17) 

EUminating and C,h in Eqs. (3.14) ~ (3.16) (we assume that ^ Q and (^h 7^ 0), we find the quadratic equation for fjn'- 



afjjj + hf}H + c = , 



(3.18) 



where 



^{Ph 
-2 



{D - 2)3p% + 2{D-^ - + 2D + 14)p% + 2{D - 4)(3D^ - 14D + 7)pii + A{D - 3)5 
{D - 3){D - 2fp% + {D- 2){7D^ - 43L> + 72)p% + 2{D - A){D^ - 37D + 72)p\j 
+2{D - 4)(D - 5)i3D^ ~ 5D - 16)pjj + 4(D - 1){D - 5){D - 4)^1 , 
-{D - l)p% [-(D - 2fpj, + 4{D - 4){D - 2)pl + 2{D - 4f{D + 1) 

I 



(3.19) 



The discriminant of the quadratic equation (3.18) depends 
on D and p^. If the discriminant is negative {Vu := — 
4ac < 0), there is no real value of ip'j^, which means that 
no regular horizon exists. The condition for the discriminant 
to be non-negative gives some constraint on p^ for given D. 
Since a2 is a fundamental coupling constant, it gives some 
condition on the horizon radius rn ■ 

For D — 4 ^ 10, assuming a2 > 0, we find allowed values 

for the regular event horizon, which are summarized in Table 

1/2 

I. There is a minimum horizon radius rn = 2.95712 cij in 

4D spacetime, while in 5D and 6D spacetimes, there is a small 

1/2 

gap in the parameter space of horizon radius (1.03572 fij < 

fn < 2.55757 al^"^ for 5D, and 1.46781 < fn < 

1/2 

2.25772 cty for 6D) where there is no reaular horizon. For 



spacetime of dimensions higher than six, there is a regular 
horizon for any horizon radius. 



IV. TRANSFORMATION TO THE EINSTEIN FRAME 

Here we give the relation between the variables in the string 
frame and those in the Einstein frame. The metrics in both 
frames are given by Eq. (3.4) and 



dsi 



r^dn'^ 



D~2 I 



(4.1) 



respectively. The conformal transformation (2.3) or 

(jf,^ = exp[7(/)]5^j,, (4.2) 
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TABLE I: The allowed values for a regular horizon radius are shown 
{pH := TH /a}J'^). The equality gives a double root of 0^. There 
is a minimum radius in 4D. In 5D and 6D, there are gaps in which 
there is no regular horizon. For dimensions higher than six, a regular 
horizon always exists for any horizon radius. 



D 


condition for regular horizon 


4 


PH > 2.95712 


5 


PH > 2.55757 or pn < 1.03572 


6 


PH > 2.25772 or pn < 1.46781 


7 < D < 10 


any values 



The lapse function S in the Einstein frame must drop as 
l/r^i^^^\ Asa resuh, we find 



S ^ - 
5 ^ O 



near infinity. 



87r7 



Ad-2 

1 



Qi 



y,2(_D-3) 



(4.13) 



V. THERMODYNAMIC VARIABLES 



gives the relation between the metric components as follows: 
f = exp ^ r, (4.3) 

i5 = <5-^+ln( 1 + ^^ I , (4.5) 



or inversely. 



exp[-7 0Jr, 



/ 

5 



5 + + In 1 - 7^f 



df 



(4.6) 
(4.7) 

(4.8) 



Since the radial coordinates r and f are related by Eq. (4.3) or 
Eq. (4.6), the horizon radii must be rescaled: 



rn = exp[-7 (pH\rH, 
1(1) h' 



th = exp 



(4.9) 



The gravitational masses and the scalar charges are also 
rescaled as 



GM 

GM = GM ^ 



GM -{D- 3)j^C 



(4.10) 
(4.11) 



where the scalar charges in the string frame and Q^j, in the 
Einstein frame are defined by the asymptotic behaviours 



Stt 



{D- 2) Ad-2 
as f ^ oo (r — > oo), respectively. 



SD-3 ■ 



r-D-3 



(4.12) 



Before showing our numerical result, let us introduce ther- 
modynamical variables of a black hole. 

The Hawking temperature is given from the periodicity of 
the Euclidean time on the horizon as 



(5.1) 



Although we can define the Hawking temperature both in the 
string frame and in the Einstein frame, we find that both tem- 
peratures are the same by using the relation 



_2±H. , 



(5.2) 



As for a black hole entropy, it does not obey the Bekenstein- 
Hawking formula, i.e. a quarter of the area of event horizon, 
because we have the Gauss-Bonnet terms. According to the 
Wald's formula for a black hole entropy, which is defined by 
use of the Noether charge associated with the diffeomorphism 
invariance of the system [19], we find 



S = -2'K 



dC 



(5.3) 



where S is (Z? — 2) -dimensional surface of the event horizon, 
C is the Lagrangian density, e^^ denotes the volume element 
binormal to S. 

For the effective action in the string frame (2. 1), it gives 



e-2*«AH / 252 
Ss- 1 l^^'' 



(5.4) 



where Ah is the area of the event horizon. Using the variables 
in the Einstein frame, this entropy is rewritten as [16] 



(5.5) 



We may look at the corrections to the Bekenstein-Hawking 
entropy (S'bh := Ah/ 4:) which is 

Ss - Sbb = ^e-''*- X 5bh > . (5.6) 

Ss is always larger than S'bh- 



6 



VI. BLACK HOLES IN DEGB THEORY 

Now we present our numerical results. 

Giving a horizon radius r^, we solve the basic equations. 
To solve the equations numerically, we first set 5^ — 0, 4)h — 
0, and find the asymptotically flat spacetime. We then rescale 
the lapse function and the dilaton field as 5{r) = 5{r) — 5{po) 
and (/)(r) = (pir) — 0(oo). This is always possible because 5 
and (f) appear only in the forms of their derivatives such as 5' 
and (p' . As a result, we can set (5(r), for r ^ oo. 

Then in our actual solutions, 5h and 4)h do not vanish. In 
what follows, for brevity, we omit the tilde of the variables. 

Depending on the dimension, we classify our solutions into 
three types: (a) four dimensions {D = 4), (b) five dimensions 
{D = 5), and (c) six or higher dimensions (Z? = 6 ~ 10). 

1. Mass-area relation 

First we show the relation between the black hole mass AI 
and the horizon area in Fig. 1. When we give the nu- 



merical result, we show M := nj^M for the mass instead of 
the gravitational mass M, because its value can be scaled as 

(D — 3) 12 

a\ when we change the coupling constant 0,2- In the 

unit of K£) — 1, both masses are equivalent. Hence, in what 
follows, for simplicity, we do not distinguish two masses and 
use M for both masses. 

In the 4D case, as shown in Fig.l (a), there is the mini- 
mum radius below which there is no black hole (rH{-mm) = 
1/2 

2.9571252' ). The ranges of the horizon radius where the 
black holes exist are shown in Table II and are narrower 
than those from the regularity condition in Table I in general, 
though the minimum radius in the string frame coincides with 

the value in Table I for 4D. The minimum mass of the black 

1/2 

hole shown in Fig. 1(a) is given by il/min = 69.3511a2 . 
Near this minimum mass, we find that the M-Ah curve turns 
around, i.e., there are two black hole solutions for a given 
mass (A/,„i„ < M < 72.3945a2^^). We suspect that the 
larger black hole is stable, while the smaller one is unstable 
(see the later discussion about the entropy). 




(a)4D (b)5D (c) lOD 

FIG. 1: The horizon area Ah in terms of the gravitational mass M. There appear mass gaps in 5D and lOD. In 4D and in the L-branches of 5D 
and lOD, we find the M-Ah curves turn around the minimum masses. We have two black hole solutions near the turn-around points. There is 
no turn-around behaviour in the S-branch. 



1/2 

TABLE II: The ranges of the horizon radii in which numerically solved black hole solutions exist both in the string frame {pu fu /&2 ) 
and in the Einstein frame {pH rujoL^'^)- They are related by the conformal factor. There is a minimum radius in 4D. For dimensions 
higher than 4D, there is a gap, in which there is no regular black hole solution. The ranges of the horizon radius in the string frame should be 
compared with those in Table I 



D 


string frame 


Einstein frame 


4 


PH > 2.95712 


PH > 3.65726 


5 


PH > 2.55757 or pn < 0.647144 


PH > 2.84836 or pn < 0.636670 


6 


PH > 2.261409 or pn < 0.780228 


PH > 2.44467 or pn < 0.788059 


7 


PH > 2.134948 or pn < 0.835000 


PH > 2.25907 or pn < 0.842271 


8 


PH > 2.12365 or pn < 0.848702 


PH > 2.21291 or pn < 0.853517 


9 


PH > 2.15406 or pn < 0.842414 


PH > 2.22300 or pn < 0.845275 


10 


PH > 2.20216 or pn < 0.827220 


PH > 2.25818 or pn < 0.828790 



r 



In the 5D case, there appears new type of solutions near has the larger masses (L-branch). There is a mass gap between 
zero mass region as shown in Fig. 1(b). We find two mass these two branches. It has been expected from the results 
ranges: one has the smaller masses (S-branch ), and the other which we found from the regularity condition for the hori- 
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zon (see Table I). The L-branch is similar to the solutions in 
the 4D case. There exists the lower mass bound. Near the 
mmimum mass (M^l = 395.86252), we find two black hole 

solutions in the range of M^^l < M < 395.880(32 (see the 
enlarged figure in Fig. 1(b)). The minimum radius in this 
branch is found by the existence condition of the regular hori- 

1 /2 

zon, i.e. rH{min) = 2.55757q!2 (Compare Tables I and II) 
just as in the 4D case. In the S-branch, we find the maxi- 

(s) 

mum mass (A/max = 19.7733q;2)- There is no turn-around 
behaviour near the maximum mass in the S-branch. As the 
horizon radius approaches zero, the gravitational mass van- 

1 /2 

ishes. We find M « 0.100295 th in the zero-mass limit. 
(Note that M cx r\ in the case of 5D Schwarzschild black 
hole.) 

In dimensions higher than five, we find the similar struc- 
tures; i.e., there are two branches (the S- and L-branches). 
However, in the L-branch, the minimum radius is not given 
by the regularity condition (see Tables I and II). In fact, for 
D > 7, we find a gap in the range of black hole radii in nu- 
merical solutions, but the regular horizon condition is always 
satisfied for any horizon radii. In this gap, we cannot find 
any asymptotically flat black hole solution, although the hori- 
zon can be regular The L-branch shows the similar proper- 
ties to those in the 4D or 5D case. In the S-branch in lOD, 
we find M^fL = 68.661452^^ and M « 84.1890 a2rfj in 
the zero-mass limit. (Note that M oc r^j in the case of lOD 
Schwarzschild black hole.) 

We cannot make definite statement about what happens in 
the region of a mass gap. Since there is no static black hole, 
the spacetime may be always dynamical losing the mass en- 
ergy and eventually reaching the S-branch, or it may evolve 
into a naked singularity. 

2. Thermodynamics 

Next we present the thermodynamical variables. First we 
give the entropy in terms of the gravitational mass M in Fig. 2. 



The entropy behaves very similar to the area of the horizon, 
although there is a correction to the Bekenstein-Hawking en- 
tropy, which is also shown by the (blue) dotted line as a 
reference in the figure. In particular, we find turn-around 
behaviours near the minimum masses in 4D and in the L- 
branches of 5D and lOD. Near the minimum points, we have 
two black holes for a given mass. The larger black hole has the 
larger entropy, and then we expect that it is dynamically sta- 
ble. On the other hand, the smaller black hole has the smaller 
entropy, and then we expect that it is dynamically unstable. 

We also show the temperatures of the black holes in Fig. 3. 
The temperature in 4D is always finite and shows the turn- 
around behaviour near the minimum mass. At this turning 
point, we expect a change of stability (see the discussion 
in [20]). When the black hole evaporates via the Hawking 
radiation, the mass decreases. Although the temperature is 
finite, it does not vanish at the minimum mass, and the evapo- 
ration never stops at the minimum mass. We may find a naked 
singularity. 

In 5D and higher dimensions, we find the same behaviour as 
for the L-branch. In the S-branch, however, the temperature in 
5D is always finite and vanishes at the zero-mass limit. Then 
the black hole may disappear via the Hawking radiation. 

On the other hand, the behaviour is very different in di- 
mensions higher than five. The temperature in lOD diverges 
as AI 0. We find the same behaviour for the case of 
£' = 6^9. The evaporation never stops even near the 
zero-mass limit. Rather the black hole may explode via the 
Hawking radiation. 

As the result, we can classify our solutions into three types: 
(a) D = 4, (b) D = 5, and (c) D = 6 - 10. 

The reason why we have three types may be understood as 
follows; The Gauss-Bonnet curvature in 4D becomes a total 
divergence if there is no dilaton field, and then it does not give 
any contribution in the basic equations. Even if we include a 
dilaton field, we expect the dynamical properties of the Gauss- 
Bonnet term in 4D is very much different from those in the 
case of D > 5, in which the Gauss-Bonnet term gives a sig- 
nificant change in the basic equations without a dilaton field. 




(a) (b) (c) 

FIG. 2: The entropies Ss of black holes in DEGB in terms of the mass M by the solid (red) line for (a) D = 4, (b) D = 5 and (c) D — 10. 
As a reference, we also show the Bekenstein-Hawking entropy Sbh = Ah/ 4: by the (blue) dotted line. 



5D and 6D are also different from other higher dimensions, because the Gauss-Bonnet term is the highest Lovelock term in 
5D and 6D, while in higher dimensions {D = 7 ^ 10), there exist higher Lovelock terms. There may also be a big difference 
between odd and even dimensions. Hence, we expect four types: 4D, 5D, 6D, and higher dimensions (D = 7 ~ 10). However, 
it turns out that the solutions in 6D and higher dimensions look similar. As a result, we find three types. 
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3. Configuration of the metric and dilaton field 



Here we show the behaviour of mass function defined by m{r) 



^D-3 



(1 — /(r))/2 , which approaches the ADM mass at 



infinity, the lapse function 6{r) and the dilaton field (/)(r), for several values of the horizon radii. 




2.0 
r/r, 

(a) the mass function 



1.5 



2.5 



2.0 

i'Ii'h 

(b) the lapse function 



0.0 r 

-0.1 
-02 
-0.3 



1.0 1.5 2.0 

(c) the dilaton field 



FIG. 4: The solution of the 4D black hole. We choose the following four values for the horizon radius: th =8.80392(52''^ (solid), A.\6'i'i2ia}J^ 
(dotted), -i.llAie&y^ (dashed) and 2.95712a2''^ (dot-dashed). 

In 4D, we find that the mass function, lapse function and dilaton field behave monotonously smooth. For the solution with 
minimum horizon radius, however, the second derivative of the dilaton field diverges. We show the Kretschmann curvature 
invariant defined by K := Rfj.vpaR'^''"'^'^ for several radii in Fig. 5 (a). We can see the curvature at the horizon increases rapidly 
near the minimum radius. We find the curvature singularity on the horizon in the limit of M A/min- 
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(c) 5D S-branch 



FIG. 5: The Kretschmann curvature invariants for several horizon radii in 4D and 5D. We choose four values of the horizon radius 



in 4D: =3.66391(5^^ (solid), 3.658655 



-1/2 



rH =2.849503^ 



1/2 



rn =0.6366633 



(solid), 2.8486152^^ 
(solid), 0.636652^2''^ 



(dotted), 3.6575152''^ 



(dotted), 2.8484152''^ 
(dotted), 0.63659152''^ 



(dashed) and 3.65726i32^^ 



(dashed) and 2.848375, 

-1/2 



1/2 



(dot-dashed), in the L-branch of 5D: 
(dot-dashed), and in the S-branch of 5D: 



(dashed), 0.63640052 (dot-dashed). In 4D and the L-branch of 5D, 



the curvature invariant increases rapidly near the horizon, and below the minimum radius, we will find a curvature singularity. On the other 
hand, in the S-branch of 5D, we find a strange behaviour of the curvature invariant near r ~ 2.18rfr, but it does not diverge near the horizon. 



For the L-branch of the 5D black holes, we find very similar behaviours to the case of 4D. For the solution with minimum 
horizon radius, the second derivative of the dilaton field diverges. The Kretschmann curvature invariant also diverges at the 
horizon in the limit of M ^ ^'^miL^ shown in Fig. 5 (b). 

In the S-branch, however, we find somewhat different result. As we see in Fig. 6, we find some irregular behaviour just 

1/2 1/2 

outside of the horizon (r ^ 2r//) for the black holes with r^f = 0.636670(52 (the solid line) and 0.554630(52 (the dotted line), 

(s) 

and the corresponding masses (M = 19.7733(52 and 12.7352(52) are close to the maximum values M,irax(= 19.7733(52) in the 
S-branch. We show the Kretschmann curvature invariant for several radii in Fig. 5 (c). Although we find a strange behaviour 
of the curvature invariant around r « 2.18r//, the curvature does not seem to diverge on the horizon. We suspect that the point 
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rlr. r/r„ 

(a) the mass function (b) the lapse function (c) the dilaton field 

1 /2 

FIG. 6: The solution of the S-branch of the 5D black hole. We choose the following four values for the horizon radius: ru =0.636670(52 

1/2 1/2 1/2 

(solid), 0.55463052' (dotted), 0.319473a2' (dashed), OAlAldla^' (dot-dashed). Near the maximum mass of the S-branch, we find some 
irregular behaviour just outside of the horizon. 



with the irregular behaviour outside the horizon will become a singularity in the limit of M M, 
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FIG. 7: The solution of the L-branch of the lOD black hole. We choose the following four values for the horizon radius: vh =6.683666(52 

1/2 1/2 1/2 

(solid), 3.150271(5^'" (dotted), 2.379547(52' (dashed) and 2.258180(5^'" (dot-dashed). Near the minimum mass of the L-branch, the lapse 



function and the dilaton field diverge at the horizon. The singularity appears on the horizon in the limit of A/ 
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FIG. 8: The solution of the S-branch of the lOD black hole. We choose the following four values for the horizon radius: ru =0.4135451(52 
(solid), 0.1639727(52''^ (dotted), 0.0645152(52^^ (dashed) and 0.03157994(52''^ (dot-dashed). 



Next we depict the mass function, lapse function and dila- 
ton field in lOD in Figs. 7 and 8. We find the very differ- 
ent behaviour in the L-branch from the 4D case or from the 
L-branch in 5D. In the L-branch, the lapse function and the 
dilaton field does not diverge near the horizon in the limit of 
rn ''min- We show the Kretschmann curvature invariant in 
Fig. 9 (a). There appears a discontinuity in the curvature in- 
variant around r w 1.09r/f forrn = 2.25818(5^/^. This point 
does not evolve into the divergence of the curvature even in 

the limit of rn ^ ^mii- '^^y r^g^d it as a "gravitational 
shock wave", where we have a curvature discontinuity. It is a 
new type of singularity. The reason why we find the minimum 
radius in the L-branch is different from the minimum radius 
found by the regular horizon condition is that the "gravita- 
tional shock wave" appears first outside of the horizon before 



the singularity appears on the horizon when we take the limit 

f (L) 

In the S-branch, we also find the similar behaviour to the S- 

branch in 5D. Some irregular behaviour appears around r « 

(s) 

1 .46r/f outside of the horizon near the maximum mass A/max- 
It may evolve into a singularity in the limit of M A/max- 

Now we can summarize our results as follows: For the 
four dimensions and the L-branch in 5D, there is a minimum 
radius, below which the curvature diverges on the horizon. 
When D > 6, the singularity of the gravitational shock wave 
appears in the L-branch below the minimum radius. On the 
other hand, for the S-branch of five and higher dimensions, 
there exists a maximum mass, beyond which a black hole does 
not exist, and a singularity may appear outside the horizon. 
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FIG. 9: The curvature invariants for several masses in lOD. We 
choose the following four values for the horizon radius in the 
L-branch: rn = 2.27983c32''^ (solid), 2.2683052''^ (dotted), 
2.26116a2''^ (dashed) and 2.2582002''^ (dot-dashed), In the S- 
branch: rn = 0. 82877852''^ (solid), 0.828748a2''^ (dotted), 
0.82886602''^ (dashed) and 0.82677152''^ (dot-dashed). Near the 
minimum radius in the L- branch, the invariant does not diverge, but 
evolves into a "gravitational shock wave" at r ~ 1.09r-i^ in the limit 
of minimum radius. In the S-branch, a strange behaviour appears 
near r ~ 1.46rH outside the horizon. It may evolve into a singular- 
ity in the limit of M M^L- 



VII. TRUNCATED DILATONIC EINSTEIN 
GAUSS-BONNET MODEL 



In this section, we discuss the truncated Einstein Gauss- 
Bonnet model, whose action is given by Eq. (2.7). The prop- 
erties of BH solutions in the TDEGB model with 7 = ^ are 
studied in [16]. This value of the coupling constant is ob- 
tained in 10 dimensions. If we start from the effective action 
in the string frame in D dimensions, we have the different 
value, which is 7 = y/2/{D — 2), in the Einstein frame. Here 
we choose this value of the coupling constant for the TDEGB 
model. The difference of two models originates from the com- 
pactification. We find some qualitative differences in thermo- 
dynamical properties in the TDEGB models with these two 
coupling constants (see the discussion in Sec. IX). In what 
follows in the text, we show the black hole s olutions and their 
properties in the TDEGB model with 7 = ^2/(D- 2). 



A. Basic equations 



The field equations are given by 



/r^fT(« := k (/'^ + h + 2{D- 2)/) cb'r + f4>"r^ 

- ^B[{D - 4)5(1 - ff - 2{D - 4)(1 - f)if'r + h) + 4X/(1 - fy + 2/i/V] = 0, (7.1) 

/r'i^T(.) := [D - 2)3(1 -f)-{D- 2)f'r - ^f<f>'\' 

+ B[iD- 4)5(1 - ff - 2{D - 4)(1 - /)(/' - 27/0')^ 

+ 47/(1 - m" ~ i4>'^)r^ + 27(1 " 3/)07V'] = 0, (7.2) 

/r"^V(A) := {D - 2)3(1 -f)-{D- 2)h + \f4>'\^ 

+ B[{D- 4)5(1 - If -2{D-A){1- ,f){h - 2jf^'r) + 27/1(1 - 3f)^'r] = 0, (7.3) 
:= [D - 2)4(1 -f)-{D- 2Uf'r + h) + 2{D - 2)Xfr^ - \{D - 2)f4>'\^ 
+ B[{D- 4)6(1 - ff - 2{D - 4)5(1 - /)(/V + h) + Aj{D - 4)5/(1 - /)0V 

+ AiD - 4)(1 - f)Xfr^ + A^iD - 4)/(l - /)(0" - j^'^^ + 2{D - A)hf'r 

+ 2-f{D - 4)(1 - 3/)(/'r + h)(t)'r - A^/fhicj)" - -fcjj'^y - 4-fh(j)'f'r^ + 870'X/V^] = . (7.4) 



where 

^('■) 4^ [^(/''' - - 2/(^'^ - h)] , (7.5) 

B{r) := r^^Sze"'''^, (7.6) 

hir) := r(f-2f5'). {1.1) 



= l^TM + - 5'^ i^T(.) + 0'Ft(,) . (7.8) 



The Bianchi identity gives one relation between these four Hence if one solve three of them, the remaining one equation 
functionals: is automatically satisfied. 
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B. Boundary conditions 

As we discussed in Sec. IIIB, we need the boundary con- 
ditions both at the event horizon (r ~ th) and at the infinity 
(r = oo). The asymptotical "flatness" implies 



TABLE III: The allowed values for the regular horizon radius are 
shown. The equality gives a double root of (/)^. There is a minimum 
radius in 4D. In 5D and 6D, there are gaps in which there is no regular 
horizon. For dimensions higher than six, there is a regular horizon 

-1/2 
H ■ 



for any horizon radius. pH ■= ru&''^"^'^ joL'^ 



1 - 

O 

O 



{D - 2)Ad-2 
1 



M 

rD-3 



1 



D 


condition for regular horizon 


4 


Ph > 1.86121 


5 


PH > 1.45828 or pn < 0.962882 


6 < D < 10 


any values 



rD~3 



(7.9) 



as r ^ oo. M is a gravitational mass in the Einstein frame. 
Since the weak equivalence principle is satisfied in the Ein- 
stein frame, the lapse must drop faster than the gravitational 
potential (/ — 1). 



J 



At the event horizon (rn), the metric function / vanishes, i.e. 
fi'f'H) = . The variables and their derivatives must be finite 
at rn- 



The regularity conditions of the event horizon are now 

PhChVh - 7 [(i^ - 4)5 - A{D - A)Ch + ^Ch + 2^^] = 0, 
pI [{D - 2)3 -{D- 2)^h] + [{D - 4)5 - 2iD - 4)^h + 2jCHm] = 0, 
pjj [{D - 2)4 - 2{D - 2Uh + 2{D - 2)Qh] 
+ [{D - 4)6 - A{D - 4)5^// + 4(L» - 4)Ch + 4-i{D - 4)^Hm + 2{D ~ 4)^1^ - A^eHm] = 0, 



where 



(7.10) 
(7.11) 

(7.12) 
(7.13) 



pH ■■= rne'-^"'- /a^' , £,H-^rHf'H, VH-=rH(t>'H, and (h ■= r^iX f)H ■ 
Eliminating and in Eqs. (7.10) ^ (7.12) (we assume that 7^ and (h 0), we find the quadratic equation for rjH- 

ar]% + brjH + c = 0, (7.14) 

where 



27 



{{D - 2)3pI + {D- A)^){{D - 2)pI + 2{D - 4)) + 2^^{{D -2)(D- A){iD - ll)p|, + A{D - 3)5) 



- {{D - 2),pI + {D- 4)5) {{D - 2)p]j + 2{D - A)f 

-4j\D - 1){D - 4) {{D - 2fp% + 2{D - 2)p% - 2{D - 4)5)] , 

^{D - l)2p]j [{D - 2f-p\j - A{D -2){D- A)pl - 2{D + 1){D- 4)^)] , 



(7.15) 



For = 4 ~ 10, assuming q;2 > and imposing the discriminant is non-negative {T>o '■= 6^ — 4ac > 0), we find 
the allowed values for the regular event horizon, which are summarized in Table III. There is a minimum horizon radius 



TH = 1.86121 a 



-1/2 -70„/2 



in 4D spacetime, while in 5D spacetime, there are small gap in the parameter space of horizon 



radius (0.962882 Sj^^e-T'^^/^ < rn < 1.45828 52^^e"''*«/2) ^jjere there is no regular horizon. For higher dimensional 
spacetime than 5D, there is a regular horizon for any horizon radius. 



VIII. COMPARISON WITH TDEGB AND EGB 



Now we compare the properties of the black hole solutions in the DEGB and TDEGB models. We also show the results in the 
EGB model as a reference. , 



A. Mass-area relation 

First we show the mass-area relations of black holes in 
Fig. 10. The solid (red) line, dashed (green) line, and dot- 



dashed (black) line correspond to the DEGB, TDEGB, and 
EGB models, respectively. 

In 4D, there exists the minimum finite radius, rH{min) = 

1/2 i/"^ 
3.65726q;2 and 3.138439q!2 , and minimum mass. 
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= 69.351152^' and M,^™^™) = ^2.1\2%a^'' , 

iiliii ^ liilil ^ 

both for the DEGB and TDEGB models, respectively. There 
is no qualitative difference. A turning point appears at the 
minimum mass, near where two black holes exist in a small 
mass range (A//„°f^^' < M < 72.3945a2^^ for DEGB 
and M^™^°^' < M < 42.71525^^ for TDEGB). In the 
EGB model, it is just a Schwarzschild black hole because the 
Gauss-Bonnet term is a total divergence. It is completely dif- 
ferent from the other two. 

In 5D, the result changes drastically (see Fig. 10(b)). For 
the EGB model, the mass-area relation is very simple (the 
dotted-dash line). The area increases monotonically with re- 
spect to the mass, and there exists a minimum finite mass 

(A/^^^^^ = 27r2(52). In the TDEGB model, the mass-area 
relation is also monotonic, but it splits up into two branches 
(the S- and L-branches) shown by the dashed (green) line just 
as in the DEGB model (the solid (red) line). The ranges 

are Mifii < M < A/,Sx and M > M^^l for the S- 
and L-branches, respectively, where M^-/^ 10.8051q;2, 
m£^x := 27.461552, and M^^l := 142.38252. So there 
exists a finite minimum mass and the area in the L- 

branch increase monotonically without any turning point as 



well as that in the S-branch. However, in the case of the 

DEGB model, as we discussed in Sec. VI, the black holes 

(s) 

exist from zero mass and there appears a mass gap (Mmax = 
19. 773352 < M < M^^l = 395.86252) where no black 
hole exists. In the L-branch of the DEGB model, we find two 
black hole solutions with the different horizon radii but with 
the same mass in the range of Aij^^ < M < 395.88052. The 
smaller-radius black hole may be unstable because the entropy 
is also smaller. 

In lOD, the mass-area relations are almost the same for the 
DEGB, TDEGB, and EGB models. However there is a qual- 
itative difference between the DEGB model and the TDEGB 
(or EGB) model. In the TDEGB (or EGB) model, the area 
increases monotonically with respect to the mass from zero 
to infinity. The mass vanishes at zero area. However, in 
the DEGB model, there exists a gap in the range of mass 

(A/4a^x = 68.661452^^ < M < M^l = 58647.552^^), and 
a turning point appears near the minimum mass Alj^^^^. There 
exist two different solution with the same mass, in the range 
of mass (M^l < M < M^^l + 1.56019 x lO-^^^/^). The 
behaviour is the same as that in 5D. 



We also find the same behaviours in six to nine dimensions. 




(a) 4D (b) 5D (c) lOD 

FIG. 10: The mass-area relations of black hole solutions in 4D, 5D and lOD. The dashed (green), dotted-dash (black) and solid (red) lines are 
the cases of the TDEGB, EGB and DEGB models, respectively. 



B. Thermodynamics 

For the TDEGB model (2.7), the entropy is given by 

^T = ^(l + ^e-^«), (8.1) 
The corrections from the Bekenstein-Hawking entropy is 

St - 5bh = '^e--'^" x Sbh > . (8.2) 

This means that the entropy is always larger than the 
Bekenstein-Hawking's one in the TDEGB model as well. The 
difference between (5.6) and (8.2) comes from the truncated 
term (note that the values of (pH in the DEGB theory and 
the truncated one are different). 

Here we show the black hole entropy and temperature in 
Figs. 11 and 12, respectively. In these figures, the solid (red) 



line, dashed (green) line, and dotted-dash (black) line describe 
the results for the DEGB, TDEGB, and EGB models, respec- 
tively. 

The entropy behaves quite similar to the area for all models, 
although the values are slightly different as shown in Fig. 2 in 
the DEGB model. There is no qualitative difference between 
Ah and S, except for D ~ Ain the TDEGB model for which 
we find a cusp near M w M^^^^'^^'' instead of a turn-around 
smooth curve [21]. The cusp is related to a stability change 
understood by a catastrophe theory [22]. 

As for the temperature, the behaviours are quite different 
in each model depending on the dimensions. In 4D, just as 
the area or the entropy, there appears a turning point, at which 
stability changes as we expected [20]. The same behaviour is 
found in the TDEGB model. In the EGB model, it is just a 
Schwarzschild black hole, i.e. Th oc 1/A/. 

In 5D, however, there is a maximum temperature Tmax ~ 
0.2519385^^ at AT = 15.050652 in the DEGB model, just 
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as in the EGB model (Tmax = ^ct2^^^ M = 47r^Q:2), model decreases monotonically as the mass increases, 
although we have a mass gap. The temperature in the TDEGB 
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(a)4D (b)5D (c) lOD 

FIG. 1 1 : The entropies of black holes with respect to the gravitational mass. The solid (red), dashed (green) and dotted-dash (black) lines are 
for the DEGB, TEGBD and EGB models. 




(a) 4D (b) 5D (c) lOD 

FIG. 12: The temperature of black holes with respect to the gravitational mass. The solid (red), dashed (green) and dotted-dash (black) lines 
are for the DEGB, TEGBD and EGB models. 



In lOD, the temperature decreases monotonically with re- 
spect to the mass except near the turning point in the L-branch. 
There is no maximum temperature just as in the TDEGB and 
EGB models. In the L-branch of the DEGB model, however, 
we always find a turning point, 

^From this observation, we may conclude as follows: In 
4D, both the DEGB and TDEGB models predict almost the 
same. When the black hole mass approaches the minimum 
value, the temperature is still finite. So the evaporation may 
not stop there. We suspect that either it evolves into a naked 
singularity, or it becomes time-dependent. 

In 5D, however, two models give quite different predictions. 
In the DEGB model, in the zero-mass limit, we find that the 
temperature also vanishes. Then we expect that the black hole 

evaporate quietly. On the other hand, in the TDEGB model, no 

(s) 

black hole exists below the minimum mass M^-/^ and beyond 
the maximum temperature T^ax- When a back hole goes be- 
yond this point via Hawking evaporation, we will find a naked 
singularity or a time-dependent black hole spacetime. 

If the spacetime dimension is higher than five, two models 
will give the similar fate, i.e., a black hole evaporates violently 
because the temperature diverges in the mass-zero limit. 



IX. CONCLUDING REMARKS 

We summarize our results in Table IV. The main differ- 
ence in the DEGB model from the TDEGB model is that 
the existence of a turning point in five and higher dimen- 
sions and a zero-mass black hole in five dimensions. The 
Hawking temperature in the 5D DEGB model vanishes at the 
zero-mass limit, but that in the TDEGB model is finite. The 
DEGB model also gives a maximum temperature in 5D. It 
may suggest that the DEGB model is better than the truncated 
one. In fact, the maximum temperature is given by T^ax ~ 
0.25193852"^^^ = 0.290913a'-i/2 at M = 15.050652, 
which is naively consistent with the result given by the per- 
turbative approach (Tmax ~ O.la'"^/^) [10]. 

We also include the result in the case of 7 = 1/2 [16]. 
The result in that model is almost qualitatively similar to our 
TDEGB model except for the five dimensions. In 5D, the re- 
sult is the same as the Schwarzschild black hole rather than 
that in our TDEGB or in the EGB model, although we do not 
know the reason. 

In this paper we consider only the asymptotically flat space- 
time. The asymptotically non-flat spacetimes, however, are 
also important. The asymptotically AdS spacetime is es- 
pecially interesting in the context of AdS/CFT coiTespon- 
dence. AdS/CFT correspondence is a widely-believed con- 
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jecture which suggests that there exists a duality between 
bulk gravity and boundary conformal theory. Taking ac- 
count into some quantum effects, i.e., the higher curvature 
correction terms, one may examine a strong coupling region 
via AdS/CFT. It may provide another confirmation for the 
conjecture. The gravity duals of Gauss-Bonnet gravity with 



non-trivial dilaton field was studied in [23]. The asymptoti- 
cally AdS spacetime in the TDEGB models were also anal- 
ysed [24, 25]. Since we find some important difference be- 
tween the DEGB and TDEGB models in this paper, it is also 
interesting to analyse the asymptotically non-flat spacetimes 
in the DEGB theory, which is under study. 



TABLE IV: The comparison between the DEGB and TDEGB models with the EGB model and Schwarzschild black hole as references. In the 
4D TDEGB model, we find a cusp instead of a turn-around smooth curve. 



D 




DEGB 


TDEGB 


TDEGB(7 = 1/2) 


EGB 


Schwarzschild 


4 


mass range 


M > Mmin 


M > Mn,in 


AI > Mn,in 




M > 




turning point 


yes 


"yes (cusp)" 


no 


Schwarzschild 


no 






finite 


finite 


finite 


black hole 


oo 




Th at i\.f„,in 


finite 


finite 


finite 




oo 


5 


mass range 


Afifix > M > , 


A/£>x >M> M^l , 


M > A/niin 


M > A//min 


Af > 






M > a4^) 


M > Afi^) 










turning point 


yes 


no 


no 


no 


no 






finite 


finite 


oo 


finite 


oo 




Th at Mn,in 


zero 


finite 


oo 


zero 


oo 


6~10 


mass range 


A^fix > Af > , 


M > 




M > 


A/ > 






M > M^i 




the same as 








turning point 


yes 


no 


our TDEGB 


no 


no 




^max 


CXJ 


oo 


(7= V2/(0-2)) 


oo 


oo 




Th at Mn,in 


oo 


oo 




oo 


oo 
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APPENDIX A: BLACK HOLE IN THE EINSTEIN 
GAUSS-BONNET THEORY 



In this appendix, we summarize the propeties of a black 
hole in the Einstein Gauss-Bonnet theory. The action is 



i^EGB 



1 



2k|, 



d^x^f^l R + a2RcB 



(Al) 



We find the field equations by setting the dilaton field (/) = 0, 
and can reduce them as 



r^-^ (fc - /(r)) + a2(D - 3)4r^-^ (fc - /(r)) 
5\r) = 0. 



= 0, 
(A2) 



In 4D, the Gauss-Bonnet term does not give any contribution 
to the solution. We have just a Schwarzschild black hole, i.e. 
/(r) = k — 2/i/r. For D > 5, we find two branches of the 



solutions as follows: 

f{r) ^f±ir) 

r 

:=k 



2{D - 3)402 



1T\ 1 



,,D-1 



S{r) =0 ., 



(A3) 



where /i is an integration constant which is related to the grav- 
itational mass M as {D—2)Ad_2 M = k^M. The asymptotic 
behaviour or the weak coupling limit, i.e., a2fJ,/r^^^ <C 1, 
gives 



[D - 2) A 



D-2 



2k\) 



[D - 2)Ad-2 



M 

j.D~3 ■ 

M 

,,D-3 



{D - 2y 

[D - 4)52 ' 



(A4) 



The former is an asymptotically flat spacetime, while the latter 
is an asymptotically anti-de Sitter spacetime [26]. The black 
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hole mass in the asymptotically flat case is given by 



M := njjM 



{D-2)Ad-2 D-3 



' H 



2(D-4)52 



and the Hawking temperature is 

[{D - 2)^rl + {D- 4)552] 



Th 



AurH [{D - 2)r% + 2{D - 4)a2] 
The entropy is given by the Wald's formula as 



2a2 



' H 



(A5) 



(A6) 



(A7) 



In 4D, it is just a Schwarzschild spacetime, there is non- 
trivial contribution in the entropy from the Gauss-Bonnet 
term. Then we find 



Mmin = , and 5min = 2TTa2, 

at rn = 0, when the temperature diverges {T^ 



(A8) 



00). 



In 5D, we find the black hole mass and the Hawking tem- 
perature as 



M = TT^ {3r% + 2(52) 
J if = 



(A9) 
(AlO) 



2tt [3rjj + 252] ■ 
Then we find 

M„un = 271^52 , 5„iin = , r,„i„ = 0, (Al 1) 

at r^f = 0. We also find the maximum temperature as 



max — "3 (^2 J 

an 



(A12) 



at = (M = 47r252). 

For dimensions higher than five, we find 

Afniin=0, and 5n,in = 0, (A13) 

at rn ~ 0, when the temperature diverges (Tmax — oo). 
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